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a b s t r a c t

A parametric study is performed to identify the key parameters which have an

important influence on the generation and propagation of vibrations from underground

railways. In this paper, the parameters related to the tunnel and the soil are considered

and their influence on the free field response is studied.

The coupled periodic finite element-boundary element model and the pipe-in-pipe

model have been used for this study. Both models account for the dynamic interaction

between the train, the track, the tunnel and the soil. A general analytical formulation is

used to compute the response of three-dimensional invariant or periodic media that are

excited by moving loads. The response to moving loads is written in terms of the axle

loads and the transfer functions.

The parametric study can be carried out by separately analyzing the variations in

the axle loads and the transfer functions. The axle loads are mainly influenced by the

parameters related to the vehicle and the track, while the transfer functions are

influenced by the properties of the track, the tunnel and the soil. In the present paper,

the parameters related to the tunnel and soil are investigated.

It is observed that the material damping and the shear modulus of the soil have an

important influence on the propagation of vibrations. The influence of structural

changes to the tunnel as well as geometrical properties such as the size and shape of the

tunnel is investigated. It is observed that a larger tunnel results in a smaller response

above the tunnel as more energy is radiated downwards. Moreover, it is demonstrated

that the tunnel geometry has a considerable influence on the response closer to the

tunnel.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Ground-borne vibration from underground railways is an environmental issue of growing concern. The main origin of
the vibration is the dynamic interaction between the train wheels and the rails, resulting in dynamic axle loads that are
transferred through the track and the tunnel into the soil. Waves propagate in the soil and impinge on the foundations of
nearby buildings, resulting in structural vibrations and re-radiated noise. Ground-borne vibrations in buildings may result
into discomfort of people due to mechanical vibration of the human body at frequencies between 1 and 80 Hz or re-
radiated noise emitted by vibrating parts of the building at higher frequencies between 16 and 250 Hz [1]. Railway induced
vibration may also cause malfunctioning of vibration sensitive equipment.
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For design purposes, an evaluation of ground-borne noise and vibration is necessary to assess the environmental impact
of railway traffic. Numerical models with varying degree of sophistication have been developed for this purpose. As far as
deterministic modeling is concerned, analytical and various numerical methods such as the finite element method [2,3],
the boundary element method [4] and integral transform methods have been employed to model the coupled tunnel–soil
system. Recently developed models such as the semi-analytical pipe-in-pipe model [5–7], a model based on coupling of the
integral transform method and the finite element method [8] and coupled finite element-boundary element models [9–12]
account for three-dimensional dynamic interaction between the track, the tunnel and the soil. These advanced models
assume the geometry to be invariant or periodic in the longitudinal direction and use the Fourier or the Floquet transform
to efficiently formulate the problem in the frequency-wavenumber domain. Researchers have also used alternative
methods to model the soil around the tunnel. A 2.5D finite/infinite element approach to model ground-borne vibrations has
been proposed by Yang et al. [13,14]. Bian et al. [15] use a 2.5D finite element method with absorbing boundary conditions
to model wave propagation from subway traffic.

The pipe-in-pipe model and the coupled periodic finite element-boundary element model have been used to perform a
parametric study to identify the key parameters which have an important influence on the generation and propagation of
vibrations from underground railways. The mathematical correctness of both models has been demonstrated by validating
the methods against each other [16]. The coupled finite element-boundary element model has also been validated by
means of several experiments that have been performed in the Cité Universitaire on the line RER B of RATP in Paris and at a
site in Regent’s Park on the Bakerloo line of London Underground [17]. Despite the large amount of uncertainties present in
the problem, a reasonably good agreement has been obtained between the predictions and the measurements.

The objective of the present paper is to study the influence of key parameters on the generation and propagation of
vibrations from underground railways. A parametric study is performed on the free field response, which is a function of
the soil, the tunnel, the track and the train parameters. As a large number of parameters is involved, some key parameters
related to the soil and the tunnel are considered in this paper. Yang et al. [18] have recently performed a parametric study,
which is complimentary to the present research. Some findings of that paper are corroborated.

The parametric study is performed by computing the response to a moving train. Random excitation due to rail
unevenness and impact excitation due to rail joints and wheel flats are important excitation mechanisms responsible for
vibrations in the free field. In the present analysis, only the unevenness excitation and the quasi-static excitation are
considered. Since the contribution of the quasi-static forces in the free field is negligible, only the dynamic forces due to rail
unevenness are vital for prediction of free field vibrations. It may be noted that the variation in the tunnel and the soil
properties has negligible influence on the axle loads and, therefore, the analysis of the transfer functions is sufficient
to understand the behavior of tunnel and soil parameters. Nevertheless, the response to moving loads is also computed in
order to quantify the effect of certain parameters.

The paper is organized in the following manner. In Section 2, the response of invariant and periodic domains subjected
to moving loads is recapitulated. In Section 3, the characteristics of the reference case are summarized and the computation
of the transfer functions and axle loads is discussed. In Section 4, the effect of the soil properties such as the shear modulus
and the material damping ratio is studied. A tunnel embedded in a dry and saturated soil is also investigated and the
difference between the response in both cases is explained. In Section 5, the depth of the tunnel as well as the geometric
properties of the tunnel is varied and their influence on the free field vibrations is studied. In Section 6, some important
conclusions of the study are summarized.

This paper demonstrates the application of advanced numerical models and elucidates the role of important factors for
vibrations from underground railways. It also improves the understanding of generation and propagation mechanisms.
2. Response to moving trains

The coupled track–tunnel–soil system is subjected to vertical loads moving along the longitudinal direction y. In the
fixed frame of reference, the distribution of na vertical axle loads on the coupled track–tunnel–soil system is written as the
summation of the product of Dirac functions that determine the time-dependent position xk ¼ fxk0; yk0 þ vt; zk0g

T and
the time history gkðtÞ of the k-th axle load:

rbðx; tÞ ¼
Xna

k¼1

dðx� xk0Þdðy� yk0 � vtÞdðz� zk0ÞgkðtÞez (1)

yk0 is the initial position of the k-th axle that moves with the train speed v along the y-axis and ez denotes the vertical unit
vector. The response of invariant domains subjected moving loads is given as [17,19]

ûiðy;oÞ ¼
1

2p
Xna

k¼1

Z 1
�1

ĝkðo� kyvÞh̃ziðky;oÞ expð�ikyðy� yk0ÞÞdky (2)
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The response of periodic domains subjected to the moving loads is given as [17,20]

ûiðỹþ nL;oÞ ¼ 1

2p
Xna

k¼1

Z 1
�1

ĝkðo� kyvÞ

Z L=2

�L=2
exp �ikyỹ

0
� �

h̃ziðx̃
0; x̃;ky;oÞdỹ0 expð�ikyðnL� yk0ÞÞdky (3)

where ky ¼ ky � 2mp=L such that ky 2� � p=L;p=L½. h̃ziðx̃
0; x̃;ky;oÞ is the transfer function of the coupled track–tunnel–soil

system in the frequency-wavenumber domain and is defined as the displacement at x̃ in the ei direction due to a unit load
applied at x̃0 in the ez direction. Expression (3) shows that the response to moving loads can be calculated from the transfer
functions and the axle loads.

The transfer functions h̃ziðky;oÞ in case of invariant domains are calculated using the semi-analytical pipe-in-pipe
model [5–7], while the transfer functions h̃ziðỹ

0; ỹ;ky;oÞ in case of periodic domains are computed using the coupled
periodic finite element-boundary element model [9,10]. In the following, the lateral ĥzxðy0; y;oÞ and the vertical ĥzzðy0; y;oÞ
transfer functions of the system are analyzed to study the influence of the tunnel and the soil parameters.

3. Reference case

3.1. System characteristics

An invariant tunnel embedded in a homogeneous half-space at a depth dt ¼ 20 m is considered. The tunnel has an
internal radius ri ¼ 2:7 m and a wall thickness t ¼ 0:3 m. The tunnel has a concrete lining with Young’s modulus
Et ¼ 35 000 MPa, Poisson’s ratio nt ¼ 0:25, a density rt ¼ 2500 kg/m3 and a hysteretic material damping ratio bt ¼ 0:02.
The homogeneous half-space has a shear wave velocity Cs ¼ 250 m/s, a longitudinal wave velocity Cp ¼ 500 m/s, a density
r ¼ 1750 kg/m3 and a hysteretic material damping ratio b ¼ bs ¼ bp ¼ 0:025 in shear and volumetric deformation.

A conventional non-ballasted concrete slab track is considered in the tunnel. The track consists of UIC 60 rails with a
mass per unit length rrAr ¼ 60 kg=m and a bending stiffness ErIr ¼ 6:4� 106 N m2. The rails are discretely supported on
soft rail pads at an interval of 0.6 m. The vertical stiffness of the rail pads is krp ¼ 50 MN=m. These rail pads are commonly
present on directly fastened tracks. The rail pads rest on a concrete slab that has a mass per unit length msl ¼ 2450 kg=m
and a bending stiffness EslIsl ¼ 433� 106 N m2. The slab is rigidly connected to the tunnel invert. As the pipe-in-pipe
model can only model a circular tunnel lining and cannot consider a tunnel invert, the tunnel invert is disregarded in the
parametric study and the slab is directly connected to the tunnel lining. The track is modeled as a double beam on an elastic
foundation (Fig. 1). The upper beam represents the two rails, while the lower beam represents the slab. The rail pads are
modeled as a continuous support between both beams, while the connection between the slab and the lining is modeled as
a continuous support below the lower beam. Since a homogeneous track model is used, the stiffness of the rail pads is
smeared in the longitudinal direction. Thus, the stiffness of the continuous support representing the rail pads is
k̄rp ¼ 2krp=d ¼ 166:6 MN/m2. The damping in the rail pads is often difficult to estimate and should be determined from rail
receptance tests. The hysteretic damping in the rail pads is represented by a complex stiffness Krp ¼ k̄rpð1þ iZrpÞ. In the
present case, a loss factor of Zrp ¼ 0:3 is assumed in the rail pads.

The rail unevenness uw=rðyÞ is expressed as a stochastic process characterized by a single-sided power spectral density
(PSD). For the present study, FRA track class 6 is used, which corresponds to the best quality rail according to FRA standards
[17,21,22].

The train consists of six cars each of length 19 m. The bogie and axle distances on all cars are 12.6 and 2.3 m,
respectively. The total mass of the train is 342 tons, resulting in an axle load of 139.8 kN. The mass of the coach with
passengers is 43 tons, while the mass of the bogie and axle is 3.6 and 1.7 tons, respectively. The primary suspension has a
stiffness K1 ¼ 1:4� 106 N/m and a damping C1 ¼ 3� 104 N s/m. The secondary suspension has a stiffness K2 ¼ 5:8�
105 N/m and a damping C2 ¼ 1:6� 105 N s/m. The speed of the train is considered to be v ¼ 60 km=h.

3.2. Transfer functions

The track–tunnel–soil system can be modeled using the pipe-in-pipe [5,6,23] model or the coupled periodic finite
element-boundary element model [9,10,17].
Fig. 1. Track model for the rails supported on a slab.
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The pipe-in-pipe model assumes the geometry in the longitudinal direction to be invariant and uses the Fourier
transform to formulate the problem in the frequency-wavenumber domain. The load on the tunnel lining is decomposed
using Fourier series [5,7]. The shell equations for the tunnel and the wave equations for an elastic continuum representing
the soil [5,7] are written in cylindrical coordinates and solved analytically to calculate the displacements for each
component. The displacement field is then calculated by summing the displacements calculated for all Fourier series
components. For the present analysis, it has been found that 10 terms in the Fourier series are sufficient to obtain
convergence [17]. The original pipe-in-pipe model could only be used for circular tunnels embedded in a full space. The
pipe-in-pipe model has been extended to account for the free surface as well as multilayered ground [24].

The coupled periodic finite element-boundary element model accounts for the complex periodic geometry of the tunnel
as well as the layering of a semi-infinite soil medium. The periodic approach has been previously applied for the seismic
analysis of sheet pile walls of infinite length [25–27]. Considerable progress has been made regarding the solution of
dynamic soil–structure interaction problems defined on periodic domains, using coupled periodic finite element-boundary
element formulations and has been used to model tunnels embedded in a layered half-space [9,10]. The coupled periodic
finite element-boundary element model uses the Floquet transform to exploit the periodicity (or invariance) in the
longitudinal direction. It is based on a subdomain formulation where a finite element method is used for the track and the
tunnel, while a boundary element method is used for the soil.

In the coupled finite element-boundary element approach, the tunnel displacements are decomposed on the basis of
functions C̃tðx̃;kyÞ, while the soil displacements are written as a superposition of waves that are radiated from the tunnel
[9,10]. The kinematical basis is selected by performing an eigenvalue analysis of the tunnel’s reference cell [17]. The
kinematical basis must obey the periodicity condition of the second kind in order to comply with the definition of the
Floquet transform [9,10,17]. A complex eigenvalue problem is formed at each wavenumber after imposing the periodicity
condition of the second kind on the reference cell [17]. In the present analysis, the eigenvalue problem is solved for only a
limited number M of lower modes at selected wavenumbers ½ky1;ky2; . . . ;kyq� in the range ½0;p=L�. Fig. 2 shows three in-
plane flexible modes of the generic cell computed at zero wavenumber. The eigenvectors computed at selected
wavenumbers are collected in a matrix and a singular value decomposition is applied to obtain the kinematical basis. In the
following, a kinematical basis consisting of 60 vectors has been used for the analysis.

Even though periodicity of the track–tunnel–soil system is exploited, the coupled periodic finite element-boundary
element model is still quite demanding from a computational point of view. In the following, the coupled periodic finite
element-boundary element model and the pipe-in-pipe model are used to perform a parametric study.

Fig. 3 shows the location of the observation points in the free field with respect to the tunnel. The response is calculated
at these reference points in the free field. The coordinates of these observation points are summarized in Table 1.

Fig. 4 shows the vertical transfer function of the coupled tunnel–soil system in the free field at points A, C, D, E, G and H
(Fig. 3). Fig. 5 shows the horizontal transfer function of the coupled tunnel–soil system in the free field at points B, C, D, F, G
and H (Fig. 3). It should be noted that the horizontal response is shown at a lateral distance of 4 m at the surface (point B)
and at depth (point F) instead of the points directly above the tunnel. This is because the horizontal displacement at points
directly above the tunnel due to a vertical load on the tunnel invert is zero. The soil around the tunnel allows for the
radiation of energy in the radial direction. The transfer functions in the free field are characterized by an undulating
behavior, which is due to interference of compression and shear or Rayleigh waves. The frequency step in the interference
pattern depends on the distance of the observation point from the source as well as the compression and shear wave
velocity in the ground. Superimposed on these graphs are the Green’s function of the half-space. Comparison between the
Green’s functions and the transfer functions gives an insight into the behavior of the coupled tunnel–soil system. At low
frequencies, the transfer functions are identical to the Green’s functions as the wavelengths in the soil are much larger than
the diameter of the tunnel and the response in the free field is strongly influenced by the dynamic characteristics of the
soil. At higher frequencies, the wavelengths are comparable to the diameter of the tunnel and the response in the free field
Fig. 2. The in-plane flexible modes at (a) 17.84 Hz, (b) 51 Hz and (c) 99.28 Hz of the reference cell of the tunnel without the concrete invert.
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Fig. 3. Location of the observation points in the free field.

Table 1
Coordinates of the observation points.

Points x (m) y (m) z (m)

A 0 0 0

B 4 0 0

C 16 0 0

D 64 0 0

E 0 0 �4

F 4 0 �4

G 16 0 �4

H 64 0 �4
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Fig. 4. Vertical transfer function (black line) in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a tunnel embedded in a half-space.

Superimposed on the graphs is the Green’s function of a homogeneous half-space (gray line).
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largely depends on the dynamic interaction between the tunnel–soil system and, therefore, differs from the Green’s
functions. The influence of certain parameters such as material damping and the presence of soil layering (far from the
tunnel) can be studied using only the Green’s function, as they do not significantly modify the tunnel–soil interaction. In
the present study, however, the transfer functions of the track–tunnel–soil system are used to investigate the influence of
all parameters.
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Fig. 5. Horizontal transfer function (black line) in the free field at points (a) B, (b) C, (c) D, (d) F, (e) G and (f) H for a tunnel embedded in a half-space.

Superimposed on the graphs is the Green’s function of a homogeneous half-space (gray line).
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Fig. 6. (a) Frequency content and (b) one-third octave band RMS spectrum of the contact force at the front axle of the train.

S. Gupta et al. / Journal of Sound and Vibration 327 (2009) 70–91 75
3.3. Axle loads

The response in the free field due to a moving train is computed accounting for random excitation due to wheel and rail
unevenness. For train speeds lower than the wave velocities in the ground, the quasi-static excitation generates evanescent
and leaky waves which decay importantly with distance. Quasi-static excitation has therefore been disregarded in the
present analysis of the response in the free field.

The dynamic forces ĝdðoÞ due to wheel/rail unevenness can be calculated by considering the vehicle–track interaction
as described in Refs. [19,21].

Fig. 6 shows the frequency content and one-third octave band RMS spectrum of the contact force due to wheel–rail
interaction for an unevenness profile corresponding to FRA class 6. The effect of the train suspension is only important at low
frequencies and has been disregarded in this analysis. The dominant frequency content is around the wheel–track resonance
frequency of 58 Hz. It should be mentioned that the axle loads are not significantly affected by the variation in the tunnel and
soil parameters. Thus, the influence of the tunnel and soil parameters can be investigated using the transfer functions alone.
4. Variation of the soil parameters

The soil around the tunnel allows the energy to propagate away from the tunnel and get dissipated due to material and
geometrical damping in the soil. The amount of energy that propagates through the soil depends on the dynamic
interaction between the tunnel and the soil. The response of the tunnel–soil system can be calculated by assembling the
dynamic stiffness of the tunnel and the soil. The dynamic stiffness of the soil is a function of the dynamic soil
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characteristics such as the shear modulus ms, Poisson’s ratio ns, the density r and the material damping ratio b. The
variation in the soil properties is considered with the aim to perform a sensitivity study rather than a parametric study. The
focus is on the variation in the shear modulus ms and the material damping ratio b ¼ bs ¼ bp. The shear modulus and
the material damping ratio are determined from a wide range of in situ [28–30] and laboratory tests [28]. The uncertainty
associated with the material damping ratio and the shear modulus is usually large. Subsequently, an additional case has
been considered to investigate the influence of the tunnel embedded in a dry and a saturated half-space. These studies have
been performed using the coupled finite element-boundary element model and verified using the pipe-in-pipe model.
4.1. Soil stiffness

For the reference case, the shear modulus ms ¼ 109:375 MPa. A 50 percent variation in the shear modulus is imposed to
make the soil stiffer and softer. The change in the shear modulus can be studied using the transfer functions alone, as it is
not expected to significantly influence the track compliance and the axle load. This is valid if the stiffness of the track is
much smaller than the stiffness of the tunnel–soil system. In the present example, the rails are supported on soft rail pads
and the track compliance can also be approximately computed by a track model on a rigid foundation.

The dynamic soil properties for the three cases investigated are summarized in Table 2.
Figs. 7 and 8 compare the vertical and horizontal transfer functions at the surface and at depth for three values of the

shear modulus. In the low-frequency range, the modulus of the transfer function decreases with increasing shear modulus
due to an increase in the quasi-static stiffness of the soil. At points directly above the tunnel, a similar pattern in the vertical
component can be observed in the high frequency range as well. This is because the dynamic stiffness of the soil increases
with the shear modulus. The vertical response directly above the tunnel at these high frequencies is influenced by the
propagation of compression waves in the vertical direction, while the vertical response further away from the tunnel is
more affected by shear waves and Rayleigh waves. The opposite can be said for the horizontal component. To understand
this better and to visualize wave propagation in the soil domain around the tunnel, the norm of the displacement vectors
for a harmonic excitation at 10 and 80 Hz is displayed in Figs. 9 and 10, respectively. The norm is defined as

jûsj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jûsxj

2 þ jûsyj
2 þ jûszj

2
q

, where ûsx and ûsy are the horizontal transfer functions perpendicular and along the tunnel
Table 2
Different cases for variation in the shear modulus.

Case Soil type Cs (m/s) Cp (m/s) ms ð�106 N/m2
Þ ns (–) r ðkg/m3

Þ b (–)

1 Softer 177 353 54.7 0.333 1750 0.025

2 Reference case 250 500 109.3 0.333 1750 0.025

3 Stiffer 306 612 164.8 0.333 1750 0.025
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Fig. 7. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a tunnel embedded in a half-space with shear modulus

ms ¼ 54:68 MPa (dashed line), ms ¼ 109:375 MPa (solid line) and ms ¼ 164:06 MPa (dash-dotted line).
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Fig. 8. Horizontal transfer function in the free field at points (a) B, (b) C, (c) D, (d) F, (e) G and (f) H for a tunnel embedded in a half-space with shear

modulus ms ¼ 54:68 MPa (dashed line), ms ¼ 109:375 MPa (solid line) and ms ¼ 164:06 MPa (dash-dotted line).

Fig. 9. The norm of the free field displacement vector at a harmonic excitation of 10 Hz for a tunnel embedded in a full space with shear modulus

(a) ms ¼ 54:68 MPa, (b) ms ¼ 109:375 MPa and (c) ms ¼ 164:06 MPa.
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and ûsz is the vertical transfer function. It should be noted that since the displacement field is shown in the same plane as

the loading, the horizontal component of the displacements ûsy ¼ 0. A similar way of representation has also been used

byJones et al. [31] to illustrate the transfer functions. These contour plots are shown for the tunnel embedded in a full space
and only give an insight in the wave propagation around the tunnel. The displacements in the soil can be written as a
superposition of waves radiated from the tunnel into the soil. The displacements in the vicinity of the tunnel are higher at a
low frequency of 10 Hz when the tunnel is embedded in a softer soil (Fig. 9). This results in emission of higher amplitude
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waves in the soil. At a higher frequency of 80 Hz, the displacements around the tunnel lining strongly depend on the
properties of the tunnel rather than the soil and therefore the displacements in the vicinity of the tunnel are similar for the
three cases (Fig. 10). At this frequency, the wavelengths in the soil are shorter than the size of the tunnel and the
propagation of vibration is directional such that most of the energy is transmitted downwards. Main interest is, however, in
the waves traveling upwards, where foundations of buildings are present. The concentric waves originating at the invert
can be seen radiating outwards to the sides of the tunnel and upwards at some lateral distances from the tunnel. These
waves are predominantly shear waves.

The pattern of the transfer functions (Fig. 7) is quite complex in the mid-frequency range due to dynamic tunnel–soil
interaction. At large distances from the source and at high frequencies, the increase in the vertical response by decreasing
the shear modulus is not observed due to the attenuation of the waves in the soil. Whereas the attenuation due to
geometrical spreading is independent of the wavelength, the attenuation due to material damping increases as the
wavelength decreases. Therefore, the attenuation of waves in a softer soil is greater than in a stiffer soil. In the contour plot
for a frequency of 80 Hz (Fig. 10), it can be observed that the vibration levels far from the tunnel are similar in all three
cases. This is because the change in dynamic stiffness of the system is compensated by the change in the attenuation of
waves at large distances from the tunnel. The effect of material damping in case of a soft soil can also be observed in the
horizontal displacement at the free surface closer to the tunnel (Fig. 8a). At large lateral distances, the horizontal response
has an important contribution from compression waves as they decay less rapidly with distance. The variation in the shear
modulus also causes a phase lag depending on the distance between the source and the receiver and the wavelengths in the
soil. At large distances from the tunnel, an undulating behavior in the transfer functions can be explained by interference of
the compression and shear or Rayleigh waves. The frequency interval between the troughs in the transfer function is
related to the wave speeds in the soil [16] and becomes wider with increasing shear modulus.

For a more detailed assessment of the vibrations from underground railways, the response to a moving load is
computed. The axle loads determined in the previous section are used to calculate the response to moving loads by means
of Eq. (3). Subsequently, the maximum of the running RMS velocity is calculated, which is extensively used to evaluate
human response to vibrations [32]. Fig. 11 shows the maximum RMS of the vertical and horizontal velocity on the free
surface as a function of the lateral distance from the tunnel for different cases. Vibration levels are maximum in the case of
the softer soil at small distances. At large distances, the maximum RMS of the vertical velocity becomes comparable for all
three cases, which is due to a stronger attenuation in the softer soil. It is also interesting to note that, except for the case of
the soft soil, the vertical vibration levels are maximum at a horizontal distance of 16 m from the tunnel. This distance
depends on the direction of the waves emanating from the tunnel. Above the tunnel a ‘‘vibration shadow’’ in the soil is
created where vibration levels are low. The highest levels on the surface usually occur at some lateral distance from the
Fig. 10. The norm of the free field displacement vector at a harmonic excitation of 80 Hz for a tunnel embedded in a full space with shear modulus

(a) ms ¼ 54:68 MPa, (b) ms ¼ 109:375 MPa and (c) ms ¼ 164:06 MPa.
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tunnel. In general, a difference of about 4–6 dB in vertical vibration levels at small lateral distances from the tunnel is
observed due to a 50 percent variation in the shear modulus. The influence of this variation in the shear modulus on
horizontal vibrations is less compared to its effect on vertical vibrations.
4.2. Material damping ratio

The influence of the material damping ratio is analyzed in the following. The material damping ratio in shear and
volumetric deformation is assumed to be the same and is denoted as b herein. Fifty percent variation in the material
damping ratio is considered to obtain three cases: b ¼ 0:0125, 0:025, 0:0375. The effect of the material damping ratio on
the dynamic interaction between the tunnel and the soil is not significant and, therefore, it can be studied using the Green’s
function of a half-space alone. However, the transfer function of the coupled tunnel–soil will be presented in this section.

Figs. 12 and 13 compare the vertical and horizontal transfer functions at the surface and at depth for three values of the
material damping ratio. The effect of the material damping ratio is maximum at large distances from the tunnel and higher
frequencies. Fifty percent variation in the material damping ratio results in a difference of more than 10 dB in the transfer
functions at distances of about 64 m from the tunnel in the higher frequency range. The reduction in magnitude due to
material damping depends on the number of vibration cycles the material has undergone. The smaller the wavelength and
the larger the distance between the source and the receiver, the larger is the reduction due to material damping. The effect
of the material damping ratio on the horizontal and vertical components is similar.
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Fig. 11. Maximum RMS of (a) the vertical and (b) the horizontal velocity on the free surface as a function of the lateral distance due to a train running in a

tunnel embedded in a half-space with shear modulus ms ¼ 54:68 MPa (dashed line), ms ¼ 109:375 MPa (solid line) and ms ¼ 164:06 MPa (dash-dotted

line).
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Fig. 12. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a tunnel embedded in a half-space with material

damping ratio b ¼ 0:0125 (dashed line), b ¼ 0:025 (solid line), b ¼ 0:0375 (dash-dotted line).



ARTICLE IN PRESS

0 20 40 60 80 100
−280

−260

−240

−220

−200

Frequency [Hz]
0 20 40 60 80 100

Frequency [Hz]
0 20 40 60 80 100

Frequency [Hz]

0 20 40 60 80 100
Frequency [Hz]

0 20 40 60 80 100
Frequency [Hz]

0 20 40 60 80 100
Frequency [Hz]

D
is

pl
ac

em
en

t [
dB

re
f 1

 m
/N

]

−280

−260

−240

−220

−200

D
is

pl
ac

em
en

t [
dB

re
f 1

 m
/N

]

−280

−260

−240

−220

−200

D
is

pl
ac

em
en

t [
dB

re
f 1

 m
/N

]

−280

−260

−240

−220

−200

D
is

pl
ac

em
en

t [
dB

re
f 1

 m
/N

]

−280

−260

−240

−220

−200

D
is

pl
ac

em
en

t [
dB

re
f 1

 m
/N

]

−280

−260

−240

−220

−200

D
is

pl
ac

em
en

t [
dB

re
f 1

 m
/N

]

Fig. 13. Horizontal transfer function in the free field at points (a) B, (b) C, (c) D, (d) F, (e) G and (f) H for a tunnel embedded in a half-space with material

damping ratio b ¼ 0:0125 (dashed line), b ¼ 0:025 (solid line), b ¼ 0:0375 (dash-dotted line).

4 8 16 32 64 128
40

50

60

70

Lateral Distance [m]

M
ax

 R
M

S
 v

el
oc

ity
 [d

B
 re

f
10

−8
 m

/s
]

4 8 16 32 64 128
40

50

60

70

Lateral Distance [m]

M
ax

 R
M

S
 v

el
oc

ity
 [d

B
 re

f
10

−8
 m

/s
]

Fig. 14. Maximum RMS of (a) the vertical and (b) the horizontal velocity on the free surface as a function of the lateral distance due to a train running in a

tunnel embedded in a half-space with material damping ratio b ¼ 0:0125 (dashed line), b ¼ 0:025 (solid line) and b ¼ 0:0375 (dash-dotted line).
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The above calculations are sufficient to show the effect of uncertainty in the material damping ratio. Nevertheless, to
better interpret the vibration levels in the free field, the maximum RMS velocity due to a moving train is computed for
different values of the material damping ratio.

Fig. 14 shows the maximum RMS velocity as a function of the lateral distance from the tunnel. The difference in the
maximum RMS velocity due to a 50 percent variation in the material damping ratio increases with distance from the
tunnel. At distances larger than 32 m from the tunnel, a difference of more than 5 dB on the RMS velocity is observed.
4.3. Dry and fully saturated soil

A tunnel embedded in a dry soil (reference case) and a fully saturated soil is investigated. The constitutive behavior of
soil under dynamic loading is complex. Soil is a discontinuous material, where the pores of the solid skeleton can be
(partly) saturated with water. Wave propagation in saturated and unsaturated isotropic poroelastic media can be described
by Biot’s poroelastic [33,34]. In the low-frequency range of interest in most civil engineering applications, however, a high
viscous coupling prevents the relative motion between the fluid and the solid phase and the soil behaves as a frozen
mixture. The soil can be modeled as a dry elastic medium, provided that the density and the incompressibility of the
saturated soil are accounted for [35]. Thus, the case of a tunnel embedded in a saturated soil is analyzed by considering a
higher Poisson’s ratio and an equivalent density of the frozen mixture according to Biot’s theory. The density of the mixture
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r is given as

r ¼ rf nþ rsð1� nÞ (4)

where rf is the density of the pore fluid, rs is the density of the solid grains and n is the porosity.

The density of the solid grains consisting of sand is rs ¼ 2650 kg/m3, while the density of the dry soil is 1750 kg/m3.
This results in a porosity n ¼ 0:339 and the density of the soil–water mixture as r ¼ 2089:6 kg/m3. The shear wave velocity
Cs0 of the saturated porous medium in the low-frequency limit is equal to

Cs0 ¼

ffiffiffiffiffi
ms

r

s
(5)

with ms the shear modulus of the dry solid skeleton. The longitudinal wave velocity Cp0 of the saturated soil in the low-
frequency limit can be estimated using the following expression [33]:

Cp0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ls
þ ms þ lf =n

rf nþ rsð1� nÞ

vuut (6)

where ls and ms are the Lamé coefficients of the dry solid skeleton and lf is the bulk modulus of the fluid. The Lamé
coefficient ls can be computed from the shear modulus ms and Poisson’s ratio ns of the dry solid skeleton, which is taken as
ns ¼ 1

3 here. The bulk modulus of the fluid is equal to lf
¼ 2:2� 109 N/m2. The dynamic soil properties for the dry and

saturated soil are summarized in Table 3.
Fig. 15 shows the vertical transfer function in the free field for a tunnel embedded in a dry and a saturated soil. At low

frequency, only a small difference between the two cases is observed as the contribution of the shear waves is maximum.
The effect of saturation of the medium or the increase in Poisson’s ratio can be observed at higher frequencies. The material
damping in shear and volumetric deformation is assumed to be the same. Shear waves attenuate more rapidly than
Table 3
Dynamic soil properties of a dry and a fully saturated soil.

Case Soil type Cs (m/s) Cp (m/s) ms ð�106 N/m2
Þ ns (–) r ðkg/m3

Þ b (–)

1 Dry soil (reference case) 250 500 109.3 0.333 1750 0.025

2 Saturated soil 229 1818 109.3 0.492 2089.6 0.025
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Fig. 15. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a tunnel embedded in a dry (solid line) and a

saturated (dash-dotted line) half-space.
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compression waves; in the far field at high frequencies the compression waves are dominant. The contribution of
compression waves to the vertical response above the tunnel at higher frequencies is maximum and the difference between
the two cases is apparent in Fig. 15a. The vertical response on the free surface above the tunnel in case of the saturated soil
is lower than the response of the dry soil due to high compression modulus of the saturated medium. At large lateral
distances from the tunnel, the contribution of the compression waves to the vertical displacement is much less and,
therefore, the amplitude of the response for the two cases is almost the same (Fig. 15c and f).

Fig. 16 shows the horizontal transfer function in the free field. The points directly above the tunnel are omitted as the
horizontal response above the tunnel is zero. The maximum difference between the response for the two cases is seen
for points farther away from the tunnel where the contribution of the compression waves is significant (Fig. 16c and f).
The horizontal response closer to the tunnel axis is mainly affected by shear waves, and hence is unaffected by the change
of Poisson’s ratio (Fig. 16a and d).

To visualize the wave propagation in the soil medium, the norm of the instantaneous displacements at 10 and 80 Hz is
depicted in Figs. 17 and 18, respectively. In general, it can be observed from the transfer functions that the displacements in
the case of a tunnel embedded in a saturated soil are smaller, which can be attributed to the increased dynamic stiffness of
the tunnel–soil system.

To quantify the effect of reduction in vibration levels due to saturation of the medium, the response to moving loads is
calculated. Fig. 19 shows the maximum RMS of the vertical and horizontal velocity on the free surface as a function of the
lateral distance from the tunnel. The effect of Poisson’s ratio is maximum on the horizontal component of the free field
response far from the tunnel. A difference of more than 10 dB is observed at a lateral distance of 64 m from the tunnel on
the free surface.
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Fig. 16. Horizontal transfer function in the free field at (a) B, (b) C, (c) D, (d) F, (e) G and (f) H for a tunnel embedded in a dry (solid line) and a saturated

(dash-dotted line) half-space.

Fig. 17. The norm of the free field displacement vector at a harmonic excitation of 10 Hz for a tunnel embedded in (a) a dry and (b) a saturated full space.
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Fig. 19. Maximum RMS of (a) the vertical and (b) the horizontal velocity on the free surface as a function of the lateral distance due to a train running in a

tunnel embedded in a dry (solid line) and a saturated (dash-dotted line) half-space.

Fig. 18. The norm of the free field displacement vector at a harmonic excitation of 80 Hz for a tunnel embedded in (a) a dry and (b) a saturated full space.
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5. Variation of the tunnel parameters

The tunnel properties mainly influence the wave propagation in the frequency range where the wavelengths are smaller
than the size of the tunnel. The influence of the depth of the tunnel as well as the geometrical properties such as the wall
thickness, size and shape of the tunnel is investigated. The change in the tunnel properties alters the energy radiation into
the soil and, therefore, has a similar influence on the vertical and the horizontal component of the free field vibrations. For
the sake of the brevity, only vertical components are shown in the present analysis.
5.1. Tunnel depth

Three depths of the tunnel are considered: dt ¼ 10, 20 and 30 m. The effect of the tunnel depth can be studied using the
transfer functions only, as its influence on the axle loads is insignificant. Fig. 20 shows the vertical transfer function on
the free surface at a varying horizontal distance from the tunnel for different tunnel depths. The general trend is that the
vibration levels on the free surface decrease with tunnel depth. Thus, the vibrations from a shallow tunnel are more
perceptible than the vibrations from a deep tunnel.

The excitation at the tunnel generates Rayleigh waves in the half-space at low frequencies. The contribution of Rayleigh
waves to the free field response depends on the depth of the source d and is confined to frequencies less than CR=d, where
CR is the Rayleigh wave velocity. An increase in the tunnel depth decreases the frequency range where Rayleigh waves are
important.

Fig. 21 shows the maximum RMS velocity during the passage of a train in a tunnel at various points in the free field. The
increase in the tunnel depth is accompanied by a decrease in the vibration levels up to a distance of 32 m. However, at
larger horizontal distances from the tunnel, the influence of the tunnel depth becomes less pronounced.
5.2. Effect of structural changes in the tunnel

Two possible structural changes in the tunnel are investigated: the effect of thickening the tunnel lining and the effect of
adding a tunnel invert.
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Fig. 20. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a tunnel embedded at a depth dt ¼ 10 m (dashed

line), dt ¼ 20 m (solid line) and dt ¼ 30 m (dash-dotted line) in a half-space.
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Fig. 21. Maximum RMS of the vertical velocity on the free surface as a function of the lateral distance due to a train running in a tunnel embedded at a

depth dt ¼ 10 m (dashed line), dt ¼ 20 m (solid line) and dt ¼ 30 m (dash-dotted line) in a half-space.
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These studies can be carried out by looking at the transfer functions of the coupled track–tunnel–soil system. Three wall
thicknesses are considered: t ¼ 0:25, 0:3 and 0:37 m. Values outside this range are not considered as they are not realistic
for a tunnel with a mean radius rm ¼ 2:85 m.

Fig. 22 shows the transfer function of the tunnel–soil system for different thicknesses of the tunnel wall. Increasing the
thickness of the tunnel lining stiffens the cross section of the tunnel and increases the eigenfrequencies of the in-plane
flexural modes of the free tunnel as well as increases its bending stiffness in the longitudinal direction. The variation in the
thickness has a small influence on the transfer functions. This suggests that stiffening of the tunnel by increasing the
thickness of the tunnel is not an efficient measure for reducing ground-borne vibrations.

Alternatively, the effect of adding material at the bottom of the tunnel is considered as a possible measure for
countering ground-borne vibrations. This can be investigated by comparing the response of a tunnel with and without an
invert. The effect of adding a tunnel invert is to stiffen the tunnel cross section. The concrete invert has a mass of about
368 kg/m. The tunnel with an invert is modeled using the coupled periodic finite element-boundary element model and
results are compared to the reference case, where only the tunnel wall is considered. The first three in-plane flexible modes
in case of a tunnel with the invert are displayed in Fig. 23, while for the case of a tunnel without the invert, the modes are
displayed in Fig. 2. The eigenfrequencies of the first three in-plane modes without the tunnel invert are 17.84, 51 and
99.28 Hz. These eigenfrequencies increase to 20.98, 60.14 and 114.6 Hz when the tunnel invert is introduced in the model.
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Fig. 22. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a tunnel with a wall thickness t ¼ 0:25 m (dashed

line), t ¼ 0:3 m (solid line) and t ¼ 0:37 m (dash-dotted line) embedded in a half-space.

Fig. 23. The in-plane flexible modes at (a) 20.09 Hz, (b) 60.14 Hz and (c) 114.6 Hz of the reference cell of the tunnel with the concrete invert.
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Fig. 24 shows the transfer function in the free field for both cases. At low frequencies, there is no change in the transfer
function as wavelengths are much larger than the size of the invert. At higher frequencies, the vibration levels above the
tunnel have reduced to some extent when the tunnel invert is incorporated in the model. Fig. 25 shows the norm of the
instantaneous displacements at a harmonic excitation of 80 Hz for a tunnel without and with the invert, embedded in a full
space. The wave propagation pattern in the vicinity of the tunnel can be observed for both cases. The tunnel invert attracts
a large portion of the vibration energy, which propagates downwards. This allows the energy to radiate away from the
surface, thereby causing reduction in the vibration levels in the free field above the tunnel.

This suggests that additional mass should preferably be added to the invert rather than increasing the thickness of the
tunnel lining. Similar observations were also made by Unterberger et al. [36], who studied the influence of lining thickness
and grout body under the tunnel invert.

5.3. Tunnel size

In the following, the influence of the size of the tunnel on the free field vibrations is studied. The size of the tunnel is not
expected to significantly influence the track displacements and the axle loads. However, it modifies the propagation of the
waves in the soil. Thus, the effect of the size of the tunnel can be studied using the transfer functions of the
track–tunnel–soil system alone. Three different sizes of the tunnel are considered. The first tunnel has an external radius
re ¼ 2:35 m and a wall thickness t ¼ 0:3 m. These are the dimensions of the tunnel on the Jubilee line in London. The second
case is that of a medium sized tunnel with an external radius re ¼ 3 m and a wall thickness t ¼ 0:3 m [21]. These values
correspond to the dimensions of the tunnel north of Chengfulu station on metro line 4 in Beijing. The third case is a tunnel
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Fig. 24. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a tunnel with (dashed line) and without (solid line)

an invert, embedded in a half-space.

Fig. 25. The norm of the free field displacement vector at a harmonic excitation of 80 Hz for a tunnel (a) without and (b) with an invert, embedded in a full

space.
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with a larger radius re ¼ 4:675 m and wall thickness t ¼ 0:35 m [37]. These dimensions correspond to those of the new high
speed tunnel in Antwerp. It should be mentioned that larger tunnels are usually preferred to accommodate two tracks,
which results in an eccentric loading on the tunnel invert. In the present analysis, however, a larger tunnel hosting a single
track is considered, and the load is applied symmetrically. The center of all tunnels is at a depth of 20 m.

The bending stiffness of the tunnel in the longitudinal direction increases with the size of the tunnel. The
eigenfrequencies of the in-plane flexible modes of the tunnel decrease with the size of the tunnel, as the cross section
becomes less stiff. The cut-on frequencies for the propagation of these modes into the soil in the longitudinal direction also
decrease with the size of the tunnel. However, none of these modes are expected to freely propagate along the tunnel in the
coupled tunnel–soil system. Thus, their effect is localized in a plane.

Fig. 26 compares the vertical transfer function in the free field for the three sizes of the tunnel. The influence of varying
the size of the tunnel is quite complex and different behavior can be observed at different frequencies. The size of the
tunnel has a main influence on the wave propagation in the radial direction perpendicular to the tunnel. The transfer
functions are similar for the three cases at low frequencies (quasi-static response), but become different at higher
frequencies due to the contribution of the various tunnel modes. At low frequencies, the wavelength(s) in the soil are much
larger than the size of the tunnel and the response is not significantly affected by the presence of the tunnel. At large
distances from the tunnel, the variation in the response due to the change in the tunnel size is small.

Figs. 27 and 28 show the norm of the particle displacement at a harmonic excitation of 10 and 80 Hz for different sizes of
the tunnel. The frequency at which the dynamic tunnel–soil interaction becomes important decreases with the size of the
tunnel. It can be observed from Figs. 27 and 28 that more energy is radiated downwards in case of the larger tunnel. This
should result in a lower response on the free surface.
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Fig. 26. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for a small tunnel (dashed line), a medium sized tunnel

(solid line) and a large tunnel (dash-dotted line) embedded in a half-space.

Fig. 27. The norm of the free field displacement vector at a harmonic excitation of 10 Hz for (a) a small tunnel, (b) a medium sized tunnel and (c) a large

tunnel embedded in a full space.
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5.4. Tunnel shape

The shape of the tunnel varies depending on the construction method. Some common cross sections of the tunnel are
ovoid, horseshoe, circular or rectangular. Use of a tunnel boring machine results in a circular shaped tunnel, while the New
Austrian Tunneling Method usually provides an ovoid shaped tunnel. In order to study the effect of the tunnel shape on the
ground-borne vibrations, three tunnels have been considered: a tunnel with a circular cross section, a tunnel with an ovoid
cross section and a tunnel with a square cross section. The geometrical properties of the second tunnel are identical to one
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Fig. 28. The norm of the free field displacement vector at a harmonic excitation of 80 Hz for (a) a small tunnel, (b) a medium sized tunnel and (c) a large

tunnel embedded in a full space.

Fig. 29. Finite element mesh of the reference cell of a tunnel with (a) a circular cross section, (b) an ovoid cross section and (c) a square cross section.
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of the considered (but not constructed) designs for the tunnel south of Chengfulu station on metro line 4 of Beijing. The
dimensions of the ovoid cross section are 8.6 m by 8.9 m. The tunnel consists of primary and secondary linings of thickness
0.30 and 0.40 m, respectively. This results in a total wall thickness of t ¼ 0:70 m. To compare with the ovoid-shaped tunnel,
a circular tunnel of a larger radius is considered instead of the reference case. The circular tunnel has an external radius
re ¼ 4:56 m and a wall thickness t ¼ 0:70 m. The square tunnel considered in this section has outer sides equal to 7.3 m and
a wall thickness t ¼ 0:70 m. The bottom of all tunnels is at 24 m. Fig. 29 shows the finite element mesh of the reference cell
of the three tunnels. The moment of inertia of the circular tunnel is 165:25 m4, while that of the tunnel with ovoid cross
section and square cross section is 166:2 and 136:41 m4. Fig. 30 shows the first in-plane flexible mode of the three tunnels.
The in-plane flexural stiffness of the circular cross section and the ovoid cross section is quite similar. The square section
has a lower stiffness and thus more number of modes will contribute to the response below 100 Hz.

Fig. 31 shows the vertical transfer functions on the free surface and at depth at varying distance from the tunnel. The
transfer functions of the circular and ovoid tunnel are identical as the shape of these two tunnels is quite similar. The
response in case of the square tunnel is different particular at points close to the tunnel and in the high frequency range. At
low frequencies, the wavelengths are larger than the size of the tunnel and the shape of the tunnel does not influence the
response. In the far field, the geometry of the tunnel becomes less important and the response in all three cases converges
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Fig. 31. Vertical transfer function in the free field at points (a) A, (b) C, (c) D, (d) E, (e) G and (f) H for the circular tunnel (solid line), the ovoid tunnel

(dashed line) and the square tunnel (dash-dotted line) embedded in a half-space.

Fig. 30. The in-plane flexible mode of the reference cell of (a) the circular tunnel at 18.82 Hz, (b) the ovoid tunnel at 18.94 Hz and (c) the square tunnel at

16.80 Hz.

Fig. 32. The norm of the free field displacement vector at a harmonic excitation of 80 Hz for (a) a circular tunnel and (b) a square tunnel embedded in a

full space.
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to similar values. The lower response directly above the tunnel in case of a square cross section is due to the flat base of the
section, which allows the energy to propagate downwards. This can be visualized in Fig. 32 that shows the harmonic
response of the circular and square tunnel at 80 Hz.
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This example demonstrates that, in order to predict the response at large distances from the tunnel, an equivalent
circular cross section can be considered and simpler models such as the pipe-in-pipe model can be used to solve the
problem. For accurate prediction of the response closer to the tunnel, the geometry of the tunnel has to be accounted for.
6. Conclusion

In this paper, a parametric study on the determining factors for subway induced vibrations is performed. Parameters
related to the soil and the tunnel are considered and their influence on the free field response is studied. To investigate the
soil and the tunnel parameters the study can be carried out by analyzing the transfer functions alone. Nevertheless, the
maximum RMS velocity due to a moving train has also been computed to quantify the dependence of the free field
vibrations on soil parameters. Specific conclusions that can be drawn from this study are as follows:
�
 The parametric study on the shear modulus has revealed that the vibration levels are higher when the tunnel is
embedded in a softer soil. This is due to a decrease in the dynamic stiffness of the tunnel–soil system. At large distances
from the tunnel, the vertical vibration levels in the softer and stiffer soil become comparable. This is due to larger
attenuation of the waves in the softer soil. A difference of about 4–6 dB in the maximum RMS of the vertical velocity on
the free surface above the tunnel is observed due to a 50 percent variation in the shear modulus. The influence of a
change in the shear modulus on the horizontal vibrations is limited.

�
 The material damping ratio of the soil has a strong influence on the vibrations in the high frequency range and at large

distances from the tunnel. A difference of more than 5 dB in the maximum RMS velocity is observed due to a 50 percent
variation in the material damping ratio.

�
 The vibration levels in the saturated soil are less than in the dry soil due to the incompressibility of the medium. The

saturation of the medium has a bigger influence on the horizontal vibrations than on the vertical vibrations.

�
 The vibration levels on the free surface decrease with the tunnel depth. The depth of the tunnel has a maximum effect

on the free field response above the tunnel. At larger horizontal distances, the influence of the tunnel depth is less
significant. This is due to the fact that for points farther away from the tunnel, the distance between the source and the
receiver varies slowly with tunnel depth.

�
 The effect of the structural changes in the tunnel such as thickening of the tunnel lining and adding a mass at the

bottom of the tunnel can be observed at higher frequencies, where the wavelengths in the soil are less than the size of
the tunnel. Thickening the tunnel lining has a small influence on the vibration levels in the free field, while adding mass
at the bottom of the tunnel has a greater influence and causes reduction in the vibration levels above the tunnel.

�
 The influence of the geometric properties of the tunnel is maximum in the vicinity of the tunnel. It has been observed

that a larger tunnel results in a smaller response above the tunnel as more energy is radiated downwards. Comparison
of the transfer functions of the circular and ovoid tunnel embedded in a half-space shows that both tunnels behave in a
similar manner. In case of a square tunnel, a lower response is obtained above the tunnel, which is due to the flat base of
the tunnel.
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